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The Bouasse-Sarda’s rotary spit drawn by Y. ROCARD in his 1943 book entitled:
“Dynamique Générale des Vibrations”
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Setting

e two degree of freedom: 6(t) (drum) and x(t) (spring)

e 8 control parameters
drum: radius p, inertial moment |, suspended mass m, friction h
spring: stiffness coeflicient K, suspended mass M, friction f
roatating spite: crank/handel radius a




Setting

The total kinetic energy 7" and potential energy V' of the system is

- 0> i
T, z) = (|+m,02)§+l\/lj

K(z — asin(f))?

V(0,x) = —(mgpd+ Mgzx)+ 5

with g gravitation acceleration



Setting

The total kinetic energy 7" and potential energy V' of the system is

- 0> i
T, z) = (|+m,02)§+l\/lj

K(z — asin(f))?

V(0,x) = —(mgpd+ Mgzx)+ 5

with g gravitation acceleration

The Lagrangian

L=T(0,%) — V()



Setting

(1+mp*)0(t) + ho(t) = mgp+ K(x(t) — asin(8(t)) )acos(6(t))

Mi(t) + fi(t) = Mg~ K(2(t) - asin(9(1)))




Setting

(Il+mp?)0 +hl = mgp + K(x — asin(@))acos(@)

Mz + fz = Mg—K(az—asin(@))




Dynamics: Step (1)

Case: a =0

JO+hO = mgp

Mz + fz = Mg — Kz



Dynamics: Step (1)

Case: a =0

10 + ho

Mi + fi

with J := | + mp?

= mgp

= Mg — Kz

Two decoupled linear ODEs - full solution is known and asymptotically

lim 6(t)

t—00

1-
5

h
Mg
K



Dynamics: Step (2)
Case: a > 0

The coupling on the drum

aK(x — asin(@)) cos(f)  is neglected



Dynamics: Step (2)
Case: a > 0

JO+h0 = mgp

Mz + fz = I\/Ig—K(:I:—asin(H))



Dynamics: Step (2)
Case: a > 0

JO+h0 = mgp

Mz + fz = Mg—K(az—asin(@))

Since

lim 0(t) = 224 49



Case: a > 0

Since

Then (essentially)

Dynamics: Step (2)

JO+h0 = mgp

Mz + fz = I\/Ig—K(:I:—asin(H))

lim 0(t) = 224 49

Mz + fox = Mg — K(x — asin(mgpt—l—é))



Case: a > 0

Since

Then (essentially)

Dynamics: Step (2)

JO+h0 = mgp

Mz + fz = I\/Ig—K(:I:—asin(H))

lim 0(t) = 224 49

M9y gy

Mz + fo = Mg — Kz + Fsin( ,



Dynamics: Step (2)
Case: a > 0

JO+h0 = mgp

Mz + fz = I\/Ig—K(:I:—asin(H))

Driven harmonic oscillators - full solution is known and asymptotically

. mgp, |
1 = 2
LS
. A mgp. s g
tl_l)ﬂ@lox(t) = Asin( . t+0+ )+ v

where A and tan(p) are known



Dynamics: Step (3)
Case: a > 0

Change of variable: x(t) = au(t) + %

JO+hh = g(l\/la cos(0) + m,O) +Ka? (u — sin(&)) cos(6)
Hq'(0) Hy? (6,0

Ve

Mi + fu = —K(u -~ sin(@))

Remarks

. HC(LU(H) does not dependent on u

e feedback through HéQ)(Q, u)



Dynamics: Step (3)
Case: a > 0

Existence of stationary solution (i.e. fixed point)

(0%, u*) = (cos_l(—%), Sin(COS_l(_G—g>>>

= (o=, 1= (20?)

Requirement for existance: Ma > mp

Linear Stability:

asymptotic stability guaranteed if f and A not simultaneously 0



Dynamics: Step (3)

Case: “small” a > 0

H C(LQ) (6, u) is neglected



Dynamics: Step (3)

Case: “small” a > 0

H C(LQ) (6, u) is neglected

JO+ho = g(Ma cos(6) + mp)

\ .

Mu + fu

I
|
N
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Dynamics: Step (3)

Case: “small” a > 0

H 52) (6, u) is neglected

Change of variable: ¢(7(t)) := 6(t) + 5 and here 7(t) = MJag

¢" + B¢ +sin(@) =5

/ denoting derivative with respect to 7, and 8 = NI and v :

t



Dynamics: Step (3)

Case: “small” a > 0

Similar to particle inside a tilted washboard

¢" + Bo' 4 sin(¢) = v

Dynamical system discussed in context of Josephson’s junctions dynamics

Equation (2) in P. Coulet, J. M Gillet, M. Monticellli and N. Vandenberghe, “A damped

pendulum forced with a constant torque”. Am. J. of Phys. 73(12), (2005), 1122-
1128



Dynamics: Step (3)

Case: “small” a > 0

Evolution of a ball in a washboard potential:
(a) stable stationary solution, (b) stable periodic solution,
(c) stable stationary solution or stable periodic solution,
(d) stable periodic solution (weak damping (5 < 1) and strong external torque (v > 1))



Dynamics: Step (3)

Case: “small” a > 0

0.0 0.5 1.0 1.5

Evolution regimes as a function of the damping 5 and the external torque ~y
A = only stationary solution stable, B = both, stationary and periodic solutions, stable,
C = only periodic solution stable



Dynamics: Step (4)

Case: “large” a > 0

HC(LD (0) and HO(LQ)(G, u) are considered



Dynamics: Step (4)

Case: “large” a > 0

Hc(bl) (0) and H0(L2)(@, u) are considered

As' Y. ROCARD himself did - assume: 0(t) = wt

Asymptotically with time, spring converges to an harmonic oscillatory state

K .
, o sin(wt + ) ,
t1—1>I1<;lo ult) = KM ————— = Asin(wt + )
V(g =)+ ()
ey

with tan(p) =
m—w



Dynamics: Step (4)

Case: “large” a > 0

Question: what is the value of w?



Dynamics: Step (4)
Case: “large” a > 0

Question: what is the value of w?

oM2mgp _ W

Y. ROCARD determines w as:
f(Ka)* (K 2)2 4 (1202

f" t‘
Y Y\
- o
mg? i '\
| Ko? _stable/ ! Vinstable .
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Ao\ A L BY Rk
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Sketch drawn by Y. ROCARD in his 1943 book entitled: “Dynamique Générale des Vibrations”



Dynamics: Step (4)

Case: “large” a > 0

Question: what is the value of w?

K 2
For h > 0, w determined as: mgp — hw = J{Ka) ( - )
( )2&}2

0.0000  0.0005 0.0010 0.0015 0.0020 0.0025 0.0030

T T T T T T T T T T
0 5 10 15 20 0 20 40 60 80

h = 0 up to two real roots h > 0 up to three real roots



Numerical Simulations

e 8 control parameters

drum:
radius p = 0.01 [m]
inertial moment | = 0.03 [kg][m]?

suspended mass m = 0.1 [kg]
friction h = 0.000125

Spring:

stiffness coefficient K = 12.5 [N]/|m]
suspended mass M = 0.02 [kg]
friction f = 0.15

roatating spite:
crank /handel radius a € [0,0.3] [m] (i.e. 51 equidistant points in this interval)

e + 1 more control parameter!
gravitation acceleration: g = 9.8 [m]/[s]?
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Numerical Simulations
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Route to chaotic evolution

e 8 control parameters

drum:

radius p = 0.1 [m]

inertial moment | = 9.24 x 107 [kg][m]?
suspended mass m = 0.5 [kg]

friction h = 0.03

Spring:

stiffness coefficient K = 25 [N]/|m]
suspended mass M = 0.5 [kg]
friction f = 0.02

roatating spite:

crank /handel radius a € {0.05,0.07,0.075,0.08} |m]

e + 1 more control parameter!
gravitation acceleration: g = 9.8 [m]/[s]?



Route to chaotic evolution

1-periodic
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Route to chaotic evolution

e 8 control parameters
drum:
radius p = 0.016 [m]
inertial moment | = 0.0001 [kg][m]?
suspended mass m = 0.1 [kg]
friction h = 0 (as in Y. ROCARD’s book)

Spring:

stiffness coefficient K = 2.5 [N]/[m]
suspended mass M = 0.03 [kg]
friction f = 0.2

roatating spite:
crank /handel radius a € [0.04,0.0424] [m]

e + 1 more control parameter!
gravitation acceleration: g = 1.625 [m]/[s]* (... on the moon!)
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Route to chaotic evolution

Feigenbaum constant

lim 2=l 7 9n=2 _ 4 669201609 . .

n—oo an — an_l

n | Period | Bifurcation parameter (a,) | Ratio aggl_;:ﬁf
L ]2 0.04009785 -

2 |4 0.04123185 -

318 0.04151235 4.042781

4 116 0.04157945 4.180328

5 | 32 0.04159425 4.533784

6 | 64 0.04159745 4.625000

7 128 0.04159815 4.571429
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Conclusions

I Y. ROCARD’s remarkable intuition — very good approximation of the “consensual”
frequency

“La physique, c’est toujours un petit peu faux” disait-il plaisamment

II Very rich dynamical system
IIT For “small” a, no chaotic dynamics

[V Effect of feedback (i.e. “large” a) — period-doubling bifurcation is observed

V' Antimonotonicity is observed
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